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Abstract. Bi-isotropic media, which include isotropic chiral media and Tellegen
media as special cases, are the most general form of linear isotropic media where the
electric displacement and the magnetic induction are related to both the electric field
and the magnetic intensity. In inhomogeneous bi-isotropic media, electromagnetic
waves of two different polarizations are coupled to each other. In this paper, we
develop a generalized version of the invariant imbedding method for the study of wave
propagation in arbitrarily-inhomogeneous stratified bi-isotropic media, which can be
used to solve the coupled wave propagation problem accurately and efficiently. We
verify the validity and usefulness of the method by applying it to several examples,
including the wave propagation in a uniform chiral slab, the surface wave excitation in
a bilayer system made of a layer of Tellegen medium and a metal layer, and the mode
conversion of transverse electromagnetic waves into longitudinal plasma oscillations in
inhomogeneous Tellegen media. In contrast to the case of ordinary isotropic media, we
find that the surface wave excitation and the mode conversion occur for both s and p
waves in bi-isotropic media.
PACS numbers: 42.25.Bs, 81.05.Xj, 78.67.Pt, 73.20.Mf
Keywords: bi-isotropic media, chiral media, Tellegen media, wave propagation, invariant
imbedding method
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1. Introduction
Bi-isotropic media, which include isotropic chiral media and Tellegen media as special
cases, are the most general form of linear isotropic media, where the electric displacement
D and the magnetic induction B are related to both the electric field E and the magnetic
intensity H [1]. The unusual constitutive relations of these media are the consequences
of the magnetoelectric (ME) effects occurring in ME materials or ME metamaterials,
which are due to the coupling between electric polarization and magnetization [2]. In
those materials, an electric field can induce magnetization and a magnetic field can
induce electric polarization. The study of ME materials has a long history going back
to the works of Curie, Debye, Landau and Lifshitz, Dzyaloshinskii, and Astrov [2, 3].
The research of various materials showing strong ME effects including multiferroics is
currently a very active area of investigation in condensed matter physics [3].
The bi-isotropic medium is the name given to a magnetoelectric material, when
one is especially interested in the properties associated with electromagnetic wave
propagation. Two different kinds of bi-isotropic media, which have distinct ways of
magnetoelectric coupling, have been studied in detail. The more extensively studied
case is that of isotropic chiral media, in which the mirror symmetry is broken [4].
The other kind is called Tellegen medium, in which the Lorentz reciprocity theorem
is not obeyed [1, 5, 6, 7]. Recently, a large amount of attention has been given to
chiral metamaterials with a strong chirality [8, 9, 10, 11, 12, 13] and to topological
insulators [14, 15, 16, 17, 18]. In the presence of weak time-reversal-symmetry-breaking
perturbations, topological insulators can be considered as a kind of Tellegen media.
In spatially uniform bi-isotropic media, right-circularly-polarized (RCP) and left-
circularly-polarized (LCP) waves are the eigenmodes of propagation [1]. In isotropic
chiral media, the effective refractive indices associated with RCP and LCP waves are
different, whereas the impedance is independent of the helicity. This gives rise to circular
birefringence phenomena. In isotropic chiral media with a non-uniform impedance
distribution, RCP and LCP waves are no longer eigenmodes and are coupled to each
other. In contrast, in Tellegen media, the effective impedances associated with RCP
and LCP waves are different, whereas the effective refractive index is the same for both
waves. Again, these waves are coupled to each other in spatially non-uniform media.
In order to investigate the wave propagation characteristics in inhomogeneous bi-
isotropic media, it is necessary to have a theoretical method to analyze the propagation
of two coupled waves in such media. A generalized version of the invariant imbedding
method [19, 20, 21, 22, 23], which can analyze the propagation of any number of coupled
waves in arbitrarily inhomogeneous stratified media accurately and efficiently, has been
developed in [24] and applied to isotropic chiral media [13, 24]. In this paper, we
generalize this method further to more general situations and use it to study wave
propagation in stratified bi-isotropic media. We apply our method to several examples,
including the surface wave excitation at the interface between a Tellegen medium and a
metal and the mode conversion of transverse electromagnetic waves into longitudinal
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plasma oscillations occurring in inhomogeneous Tellegen media. The main aim of
these examples is not to give an extensive analysis of these phenomena, but to verify
the validity of our invariant imbedding method and to demonstrate its usefulness and
efficiency.
In section 2, we derive the coupled wave equations in stratified bi-isotropic media.
In section 3 and appendix A, we describe the invariant imbedding method used in this
paper and derive the invariant imbedding equations. In section 4, we elaborate on
the expressions for the reflection and transmission coefficients and demonstrate that in
lossless cases, the energy conservation law is properly obeyed. In section 5, we show the
results of numerical calculations for a uniform chiral slab, the surface wave excitation at
the interface between a Tellegen medium and a metal and the mode conversion occurring
in inhomogeneous Tellegen media. Finally, in section 6, we give a summary of the paper.
2. Coupled wave equations in stratified bi-isotropic media
In this paper, we will use cgs Gaussian units. In linear bi-isotropic media, the
constitutive relations for harmonic waves are given by
D = ǫE+ aH,
B = µH+ a∗E, (1)
where ǫ is the dielectric permittivity and µ is the magnetic permeability. The complex-
valued magnetoelectric parameter a is expressed as
a = χ+ iγ, (2)
where χ is the non-reciprocity (or Tellegen) parameter and γ is the chirality index.
In bi-isotropic media, ǫ, µ, χ and γ are dimensionless scalar quantities. When ǫ and
µ are real, the bi-isotropic medium is lossless. In the case of reciprocal chiral media,
these constitutive relations have been argued to arise from the effects of weak spatial
dispersion [25, 26].
From Maxwell’s curl equations and the constitutive relations, we derive the wave
equations satisfied by the electric and magnetic fields in inhomogeneous bi-isotropic
media for harmonic waves:
µ∇×
(∇× E
µ
)
= k20
(
ǫµ − |a|2
)
E+ ik0 (a
∗ − a)∇×E
+ ik0µ∇
(
a∗
µ
)
×E,
ǫ∇×
(∇×H
ǫ
)
= k20
(
ǫµ − |a|2
)
H+ ik0 (a
∗ − a)∇×H
− ik0ǫ∇
(
a
ǫ
)
×H, (3)
where k0 (= ω/c) is the vacuum wave number. When χ is zero, the wave equation for
E reduces to (35) of [4]. We note that there is a symmetry between these two equations
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under the transformation E → H, H → −E, ǫ → µ, µ → ǫ and a → −a∗. We restrict
ourselves to stratified media where the parameters ǫ, µ, χ and γ depend only on one
spatial coordinate, z. For plane waves propagating in the xz plane, the x dependence
of all field components is contained in the factor eiqx, where q is the x component of
the wave vector. Then we can eliminate Ex, Ez, Hx and Hz from (3) and obtain two
coupled wave equations satisfied by Ey = Ey(z) and Hy = Hy(z):
d2ψ
dz2
− dE
dz
E−1(z)dψ
dz
+
[
k20E(z)M(z)− q2I
]
ψ = 0, (4)
where I is a 2× 2 unit matrix and
ψ =
(
Ey
Hy
)
, E =
(
µ −a∗
−a ǫ
)
, M =
(
ǫ a
a∗ µ
)
. (5)
After obtaining Ey and Hy by solving (4), we can calculate the field components Ex,
Hx, Ez and Hz using the relationships
Ex = − i
k0
1
ǫµ− |a|2
(
a
dEy
dz
+ µ
dHy
dz
)
,
Hx =
i
k0
1
ǫµ− |a|2
(
ǫ
dEy
dz
+ a∗
dHy
dz
)
,
Ez = − q
k0
1
ǫµ− |a|2 (aEy + µHy) ,
Hz =
q
k0
1
ǫµ− |a|2 (ǫEy + a
∗Hy) . (6)
3. Invariant imbedding equations
We assume that the waves are incident from a uniform dielectric region (z > L) where
ǫ = ǫ1, µ = µ1 and a = 0 and transmitted to another uniform dielectric region (z < 0)
where ǫ = ǫ2, µ = µ2 and a = 0. We emphasize that the incident and transmitted
regions are filled with ordinary dielectric media with zero magnetoelectric parameter.
The inhomogeneous bi-isotropic medium of thickness L lies in 0 ≤ z ≤ L. In the special
case where the waves are incident from a vacuum with ǫ1 = µ1 = 1, the invariant
imbedding equations for the reflection coefficient, the transmission coefficient and the
electromagnetic fields corresponding to (4) have been derived previously in [24]. There
is, however, some ambiguity in generalizing that result to the case where ǫ1 and µ1 take
arbitrary values by using the method in [24]. In this paper, we develop a different method
of deriving invariant imbedding equations, using which we achieve the aforementioned
generalization. This method also has an advantage in that it can be used to solve
coupled wave equations that are much more general than (4).
We generalize (4) by replacing the vector wave function ψ by a 2× 2 matrix wave
function Ψ, the j-th column vector (Ψ1j ,Ψ2j)
T of which represents the wave function
when the incident wave consists only of the j-th wave (j = 1, 2). We note that the
index j = 1 (j = 2) corresponds to the case where s (p) waves are incident. We
are interested in calculating the 2 × 2 reflection and transmission coefficient matrices
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r = r(L) and t = t(L), which we consider as functions of L. In our notation, r21 is
the reflection coefficient when the incident wave is s-polarized and the reflected wave
is p-polarized. Similarly, r12 is the reflection coefficient when the incident wave is p-
polarized and the reflected wave is s-polarized. Similar definitions are applied to the
transmission coefficients.
It is convenient to rewrite the wave equation in the form(
E−1Ψ′
)
′
+DΨ = 0, D = k20M− q2E−1, (7)
where the prime denotes a differentiation with respect to z. We introduce 2× 2 matrix
functions
U1(z;L) = Ψ, U2(z;L) = E−1Ψ′, (8)
which we consider as functions of both z and L. Then the wave equation is transformed
to (
U1
U2
)
′
= A
(
U1
U2
)
, A =
(
O E
−D O
)
, (9)
where A is a 4× 4 matrix and O is a 2× 2 null matrix.
The wave functions in the incident and transmitted regions are expressed in terms
of r and t:
U1(z;L) =
{
eip(L−z)I + eip(z−L) r, z > L
e−ip
′z t, z < 0
, (10)
where p and p′ are the negative z components of the wave vector in the incident and
transmitted regions. When ǫ1µ1 and ǫ2µ2 are positive real numbers, p and p
′ are obtained
from the relationships
p2 + q2 = k20ǫ1µ1, p
′2 + q2 = k20ǫ2µ2. (11)
If θ is the incident angle, p, q and p′ are expressed as
p = k0
√
ǫ1µ1 cos θ, q = k0
√
ǫ1µ1 sin θ,
p′ =

 k0
√
ǫ2µ2 − ǫ1µ1 sin2 θ, ǫ2µ2 ≥ ǫ1µ1 sin2 θ
ik0
√
ǫ1µ1 sin
2 θ − ǫ2µ2, ǫ2µ2 < ǫ1µ1 sin2 θ
. (12)
At the boundaries of the inhomogeneous medium, we have
U1(0;L) = t, U1(L;L) = r + I,
U2(0;L) = −ip′E−12 t = −ip′E−12 U1(0;L),
U2(L;L) = ipE−11 (r − I) = ipE−11 U1(L;L)− 2ipE−11 , (13)
where E1 and E2 are the values of E in the incident and transmitted regions respectively.
From (13), we get
gSˆ + hRˆ = v, (14)
where
Sˆ =
(
U1(0;L)
U2(0;L)
)
, Rˆ =
(
U1(L;L)
U2(L;L)
)
,
g =
(
ip′E−12 I
O O
)
, h =
(
O O
ipE−11 −I
)
, v =
(
O
2ipE−11
)
. (15)
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We define 4× 4 matrices S and R by
Sˆ = Sv =
(
S11 S12
S21 S22
)
v, Rˆ = Rv =
(
R11 R12
R21 R22
)
v, (16)
where Sij and Rij (i, j = 1, 2) are 2 × 2 matrices. The invariant imbedding equations
satisfied by R and S have been derived in appendix A:
dR
dl
= A(l)R(l)−R(l)hA(l)R(l),
dS
dl
= −S(l)hA(l)R(l), (17)
where l is the thickness of the inhomogeneous layer in the z direction [27, 28]. The
initial conditions for these matrices are given by
R(0) = S(0) = (g + h)−1 . (18)
From the definitions of Rˆ, Sˆ, R and S, we obtain
R12 =
1
2ip
(r + I) E1, R22 = 1
2
(
E−11 rE1 − I
)
, S12 =
1
2ip
tE1. (19)
The invariant imbedding equations satisfied by r and t follow from (17) and (19)
and take the forms
dr
dl
= ip
(
rEE−11 + EE−11 r
)
− ip
2
(r + I)
(
EE−11 −
1
p2
E1D
)
(r + I) ,
dt
dl
= iptEE−11 −
ip
2
t
(
EE−11 −
1
p2
E1D
)
(r + I) . (20)
By substituting the expression for D into this equation and using the identity k20ǫ1µ1 =
p2 + q2, we finally obtain
dr
dl
= ip
(
rE˜ + E˜r
)
+
ip
2
(r + I)
[
M˜ − E˜ + q
2
p2
(
M˜ − E˜−1
)]
(r + I) ,
dt
dl
= iptE˜ + ip
2
t
[
M˜ − E˜ + q
2
p2
(
M˜ − E˜−1
)]
(r + I) , (21)
where E˜ and M˜ are defined by
E˜ ≡ EE−11 =
(
µ
µ1
−a∗
ǫ1
− a
µ1
ǫ
ǫ1
)
=
( µ
µ1
−χ+iγ
ǫ1
−χ−iγ
µ1
ǫ
ǫ1
)
,
M˜ ≡ 1
ǫ1µ1
E1M =
(
ǫ
ǫ1
a
ǫ1
a∗
µ1
µ
µ1
)
=
(
ǫ
ǫ1
χ+iγ
ǫ1
χ−iγ
µ1
µ
µ1
)
. (22)
When ǫ1 = µ1 = 1 and a = iγ, these equations have the precisely same form as those
presented in [24].
The initial conditions for r and t are obtained from (18):
r11(0) =
µ2p− µ1p′
µ2p+ µ1p′
, r22(0) =
ǫ2p− ǫ1p′
ǫ2p+ ǫ1p′
,
t11(0) =
2µ2p
µ2p+ µ1p′
, t22(0) =
2ǫ2p
ǫ2p + ǫ1p′
,
r12(0) = r21(0) = t12(0) = t21(0) = 0, (23)
Wave propagation in stratified bi-isotropic media 7
where p and p′ satisfy (12). These conditions can equivalently be obtained from the
Fresnel formulas.
The invariant imbedding method can also be used in calculating the wave function
Ψ(z;L) inside the inhomogeneous medium. It turns that the equation satisfied by
Ψ(z;L) is very similar to that for t and takes the form
∂
∂l
Ψ(z; l) = ipΨ(z;L)E˜(l)
+
ip
2
Ψ(z; l)
{
M˜(l)− E˜(l) + q
2
p2
[
M˜(l)− E˜−1(l)
]}
[r(l) + I] . (24)
This equation is integrated from l = z to l = L using the initial condition Ψ(z; z) =
I + r(z) to obtain Ψ(z;L).
4. Conservation of energy
In our formalism, the reflection and transmission coefficients are defined in terms of
both the electric and magnetic fields. For example, in the definition of r21, the incident
wave is Ey and the reflected wave is Hy. In uniform dielectric media, the magnitudes
of the electric and magnetic fields, E and H , associated with a plane wave are related
to each other by E = ηH , where η (=
√
µ/ǫ) is the wave impedance. Therefore it is
necessary to take this factor into account to compare our coefficients with those of other
researchers defined using only electric fields. Specifically, we compare our definitions of
r and t with the reflection and transmission coefficients rss, rsp, rps, rpp, tss, tsp, tps and
tpp given in [4] for isotropic chiral media and obtain the correspondences
r11 = rss, r12 = η1rps, r21 = − 1
η1
rsp, r22 = −rpp,
t11 = tss, t12 = η1tps, t21 =
1
η2
tsp, t22 =
η1
η2
tpp, (25)
where η1 (=
√
µ1/ǫ1) and η2 (=
√
µ2/ǫ2) are the wave impedances in the incident and
transmitted regions.
In the absence of dissipation, the reflected plus transmitted fluxes of energy must be
equal to the incident flux. In case p′ is real, the law of energy conservation is expressed
as
p
µ1
(
1− |rss|2 − |rsp|2
)
=
p′
µ2
(
|tss|2 + |tsp|2
)
,
p
µ1
(
1− |rps|2 − |rpp|2
)
=
p′
µ2
(
|tps|2 + |tpp|2
)
, (26)
for incident s and p polarizations respectively. If p′ is imaginary, there is only
exponentially-damped penetration and no transmitted energy flux into the medium
at z < 0 and the left-hand sides of the above equations vanish. The meaning of the
transmission coefficients tij’s changes to that of the coefficients of exponentially-decaying
waves [29]. When p′ is real and there is dissipation, the absorptances As and Ap for
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s and p waves, which are the fractions of the incident wave energy absorbed into the
medium, can be defined as
As = 1− |rss|2 − |rsp|2 − µ1p
′
µ2p
(
|tss|2 + |tsp|2
)
= 1− |r11|2 − |η1r21|2
−
µ1
(
ǫ2µ2 − ǫ1µ1 sin2 θ
)1/2
µ2
√
ǫ1µ1 cos θ
(
|t11|2 + |η2t21|2
)
,
Ap = 1− |rps|2 − |rpp|2 − µ1p
′
µ2p
(
|tps|2 + |tpp|2
)
= 1−
∣∣∣∣ 1η1 r12
∣∣∣∣2 − |r22|2
−
µ1
(
ǫ2µ2 − ǫ1µ1 sin2 θ
)1/2
µ2
√
ǫ1µ1 cos θ
(∣∣∣∣ 1η1 t12
∣∣∣∣2 +
∣∣∣∣η2η1 t22
∣∣∣∣2
)
. (27)
If p′ is imaginary, As and Ap are given by
As = 1− |r11|2 − |η1r21|2, Ap = 1−
∣∣∣∣ 1η1 r12
∣∣∣∣2 − |r22|2. (28)
For circularly-polarized incident waves, we introduce a new set of the reflection and
transmission coefficients rij and tij , where i and j are either + or −. The symbol + (−)
represents right (left) circular polarization. For instance, r−+ represents the reflection
coefficient when the incident wave is RCP and the reflected wave is LCP. Following [4]
and using (25), we express these coefficients as
r++ =
1
2
(r11 + r22) +
i
2
(
η1r21 − 1
η1
r12
)
,
r+− = − 1
2
(r11 − r22) + i
2
(
η1r21 +
1
η1
r12
)
,
r−+ = − 1
2
(r11 − r22)− i
2
(
η1r21 +
1
η1
r12
)
,
r−− =
1
2
(r11 + r22)− i
2
(
η1r21 − 1
η1
r12
)
,
t++ =
1
2
(
t11 +
η2
η1
t22
)
+
i
2
(
η2t21 − 1
η1
t12
)
,
t+− = − 1
2
(
t11 − η2
η1
t22
)
+
i
2
(
η2t21 +
1
η1
t12
)
,
t−+ = − 1
2
(
t11 − η2
η1
t22
)
− i
2
(
η2t21 +
1
η1
t12
)
,
t−− =
1
2
(
t11 +
η2
η1
t22
)
− i
2
(
η2t21 − 1
η1
t12
)
. (29)
When p′ is real, the absorptances A+ and A− for RCP and LCP waves respectively are
defined as
A+ = 1− |r++|2 − |r−+|2
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−
µ1
(
ǫ2µ2 − ǫ1µ1 sin2 θ
)1/2
µ2
√
ǫ1µ1 cos θ
(
|t++|2 + |t−+|2
)
,
A− = 1− |r+−|2 − |r−−|2
−
µ1
(
ǫ2µ2 − ǫ1µ1 sin2 θ
)1/2
µ2
√
ǫ1µ1 cos θ
(
|t+−|2 + |t−−|2
)
. (30)
Again, if p′ is imaginary, the last terms expressed in terms of the transmission coefficients
are omitted and A+ and A− are given by
A+ = 1− |r++|2 − |r−+|2, A− = 1− |r+−|2 − |r−−|2. (31)
5. Applications
In this section, we apply our method to several examples. The main purpose is not to
give a complete analysis of these examples, but to illustrate the accuracy and usefulness
of the method developed in this paper.
5.1. Uniform chiral slab
We first consider a uniform slab made of an isotropic chiral medium, where ǫ, µ and γ are
constants and χ is zero. Plane waves are incident on this slab obliquely from a dielectric
with ǫ = ǫ1 and µ = µ1 and transmitted to another dielectric with ǫ = ǫ2 and µ = µ2.
The analytical calculation of the matrix reflection and transmission coefficients in this
case is complicated but straightforward and Lekner has given a simple prescription of
how to do this [4]. We have calculated r and t using both our method and Lekner’s
semi-analytical method and confirmed that both methods give identical results.
As an example, we consider the situation where s and p waves of vacuum wavelength
λ are incident on a uniform chiral slab of thickness L = 5λ with parameters ǫ = 5, µ = 1
and γ = 0.5 obliquely from a dielectric with ǫ = 2 and µ = 1 and transmitted to another
dielectric with ǫ = 3 and µ = 1. In figure 1, we plot the reflectances |r11|2, |r22|2 and
|r12|2 (= |r21|2) obtained using our method and the method of [4] versus incident angle.
The agreement is perfect. The transmission coefficients obtained using the two methods
also show a perfect agreement.
5.2. Surface waves in Tellegen media
In this subsection, we illustrate how to use our method to investigate the surface waves
excited at the interface between a bi-isotropic medium and an ordinary dielectric or
a metal. We consider a bilayer system consisting of a layer of Tellegen medium with
ǫ = 2.13, µ = 1 and χ 6= 0 and a silver layer with ǫ = −16 + i and µ = 1. The bi-
isotropic parameter of naturally-occurring materials is usually quite small. During the
last decade, however, there has been much progress in fabricating artificial metamaterials
showing large values of the magnetoelectric parameter [30, 31]. Plane waves of vacuum
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Figure 1. Reflectances |r11|2, |r22|2 and |r12|2 (= |r21|2) obtained using our method
and the method of [4] plotted versus incident angle. Plane waves of vacuum wavelength
λ are incident on a uniform chiral slab of thickness L = 5λ with parameters ǫ = 5,
µ = 1 and γ = 0.5 obliquely from a dielectric with ǫ = 2 and µ = 1 and transmitted
to another dielectric with ǫ = 3 and µ = 1.
wavelength λ = 622 nm are incident from a prism with ǫ = 3.13 and µ = 1 on the
Tellegen layer side of the bilayer system and transmitted to a vacuum region. The
thicknesses of the Tellegen layer and the metal layer are 320 nm and 150 nm respectively.
In figure 2, we plot the absorptances As and Ap for s and p waves versus incident
angle when χ = 0.4 and 0.8 and compare the results with the case where the Tellegen
layer is replaced by an ordinary dielectric layer with χ = 0. When χ is zero, there appears
a peak at θ ≈ 62.4◦ only for incident p waves, which corresponds to the ordinary surface
plasmon. When χ is nonzero, both curves show a peak at the same angle, which is
θ ≈ 58.0◦ for χ = 0.4 and θ ≈ 46.6◦ for χ = 0.8. That this is due to the excitation of
a surface wave can be verified directly by solving the analytical dispersion relation for
surface waves between a semi-infinite Tellegen medium with ǫ = ǫ1, µ = µ1 and χ = χ1
and a semi-infinite dielectric with ǫ = ǫ2 and µ = µ2, which has the form
(ǫ2κ1 + ǫ1κ2) (µ2κ1 + µ1κ2)− κ22χ21 = 0,
κ1 =
√
β2 − (ǫ1µ1 − χ21), κ2 =
√
β2 − ǫ2µ2, (32)
where β is the magnitude of the wave vector component parallel to the interface
normalized by the vacuum wave number. By numerically solving (32) after substituting
ǫ1 = 2.13, µ1 = 1, χ1 = 0.4 (0.8), ǫ2 = −16 + i, µ2 = 1 and β =
√
3.13 sin θ into it, we
find that surface waves are excited at θ ≈ 58.0◦ (46.6◦), which agrees with our result
shown in figure 2 precisely. We notice that in Tellegen media, surface waves are excited
for both s and p waves. The invariant imbedding method can be applied equally easily
to the investigation of surface waves in more complicated situations, in which ǫ, µ, χ
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Figure 2. Absorptances As and Ap for s and p waves incident on a bilayer system
consisting of a layer of Tellegen medium with ǫ = 2.13, µ = 1 and χ = 0, 0.4, 0.8
and a silver layer with ǫ = −16 + i and µ = 1 plotted versus incident angle. Plane
waves of vacuum wavelength λ = 622 nm are incident from a prism with ǫ = 3.13 and
µ = 1 on the Tellegen layer side of the bilayer system and transmitted to a vacuum
region. The thicknesses of the Tellegen layer and the silver layer are 320 nm and 150
nm respectively.
and γ vary arbitrarily along one spatial direction [32].
In figure 3, we plot the incident angle at which the surface wave is excited, θs,
for the same configuration of prism/Tellegen layer/metal layer considered in figure 2
as a function of the Tellegen parameter χ of the Tellegen layer. The result obtained
using (32) is compared with that obtained from the invariant imbedding method and
the agreement is seen to be excellent. We observe that θs decreases to smaller angles as
χ increases.
5.3. Mode conversion in inhomogeneous Tellegen media
As a third example, we consider the mode conversion in inhomogeneous Tellegen
media. Mode conversion is a phenomenon where transverse electromagnetic waves
are resonantly converted to longitudinal plasma oscillations [21, 22, 33, 34, 35]. In
ordinary unmagnetized plasmas, this occurs at the regions where the local refractive
index vanishes. In Tellegen media, the effective refractive index squared is given by
ǫµ − χ2. If there exists a region where the real part of this quantity vanishes inside an
inhomogeneous medium, the mode conversion and the associated resonant absorption
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Figure 3. Incident angle at which the surface wave is excited, θs, for the configuration
of prism/Tellegen layer/metal layer considered in figure 2 plotted versus the Tellegen
parameter χ of the Tellegen layer. The result obtained using the analytical dispersion
relation (32) is compared with that obtained from the invariant imbedding method.
occur for both incident s and p waves. The absorptance, which can equivalently be
called the mode conversion coefficient, is finite even in the presence of an infinitesimally
small amount of damping at the resonance region, which signifies that the absorption is
not due to any dissipative damping process but due to mode conversion.
In figure 4, we plot the absorptances As and Ap for s and p waves incident
on a nonuniform Tellegen layer of thickness L versus incident angle. The dielectric
permittivity of the Tellegen medium is given by ǫ = ǫR + iǫI , where ǫR = z/L + 0.2
(0 ≤ z ≤ L) and ǫI = 10−8. The other parameters used are µ = 1, χ = 0, 0.5, 0.7, 1.1
and k0L = 10π. When χ is equal to 0.5 and 0.7, the real part of the effective refractive
index vanishes at z = 0.05L and z = 0.29L respectively. We find that substantial mode
conversion occurs for both polarizations when θ < 30◦, though it is stronger for p waves
than for s waves. On the other hand, when χ is equal to 0 and 1.1, the real part of the
effective refractive index never vanishes in the region 0 ≤ z ≤ L and no mode conversion
occurs. Again, our method can be easily adapted to the more general cases where ǫ, µ,
χ and γ vary arbitrarily along one spatial direction.
6. Conclusion
In this paper, we have studied theoretically the wave propagation in general bi-isotropic
media, which include isotropic chiral media and Tellegen media as special cases. We
have developed a new generalized version of the invariant imbedding method, which can
be used to calculate wave propagation characteristics of coupled waves in arbitrarily-
inhomogeneous stratified bi-isotropic media accurately and efficiently. The invariant
imbedding equations we have derived are novel and versatile and can be applied to a
wide variety of problems involving bi-isotropic media. We have applied our method
to several examples, including the surface wave excitation at the interface between a
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Figure 4. Absorptances or, equivalently, mode conversion coefficients As and Ap for
s and p waves incident on a nonuniform Tellegen layer of thickness L plotted versus
incident angle, when ǫR = z/L+ 0.2 (0 ≤ z ≤ L), ǫI = 10−8, µ = 1, χ = 0, 0.5, 0.7,
1.1 and k0L = 10π.
Tellegen medium and a metal and the mode conversion of transverse electromagnetic
waves into longitudinal plasma oscillations occurring in inhomogeneous Tellegen media.
From these examples, we have verified the validity of our method and demonstrated its
usefulness and efficiency. We expect our method to be quite useful in exploring and
analyzing various kinds of new physical phenomena involving chiral media, Tellegen
media and general bi-isotropic media, since it is easy to use, efficient and accurate.
Because topological insulators can be considered to be a kind of Tellegen media, it will
be also useful in studying those interesting materials.
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Appendix A. Invariant imbedding method
The invariant imbedding equations in very general cases have been derived a long
time ago by Golberg [27]. Here we follow the presentation given in [28] closely. We
consider a boundary value problem of an arbitrary number of coupled first-order ordinary
differential equations defined by
d
dz
u(z) = F(z,u(z)), z ∈ [0, L], (A.1)
gu(0) + hu(L) = v, (A.2)
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where u, F and v are N -component vectors and g and h are constant N ×N matrices.
We consider the function u as being parametrically dependent on L and v:
u(z) = u(z;L,v) (A.3)
and introduce
R(L,v) = u(L;L,v), S(L,v) = u(0;L,v). (A.4)
Next we take derivatives of (A.1) with respect to L and v respectively and obtain
d
dz
∂ui(z;L,v)
∂L
=
∂Fi(z,u)
∂uj
∂uj(z;L,v)
∂L
,
d
dz
∂ui(z;L,v)
∂vk
=
∂Fi(z,u)
∂uj
∂uj(z;L,v)
∂vk
, (A.5)
where the summation over repeated indices is implied. These equations are identical in
form and their solutions are related by the linear expression
∂ui(z;L,v)
∂L
= λk(L,v)
∂ui(z;L,v)
∂vk
, (A.6)
where the vector λ needs to be specified. From (A.6), we obtain
g
∂u(0;L,v)
∂L
+ h
∂u(z;L,v)
∂L
∣∣∣∣
z=L
= λk(L,v)
∂
∂vk
[gu(0;L,v) + hu(L;L,v)]
= λk(L,v)
∂v
∂vk
= λ(L,v). (A.7)
Since
∂u(z;L,v)
∂L
∣∣∣∣
z=L
=
∂u(L;L,v)
∂L
− ∂u(z;L,v)
∂z
∣∣∣∣
z=L
=
∂R(L,v)
∂L
− F(L,R(L,v)), (A.8)
we obtain
λ(L,v) = −hF(L,R(L,v)) (A.9)
using (A.2). This gives us the desired invariant imbedding equation for the fields in
inhomogeneous media:
∂ui(z; l,v)
∂l
= −hkjFj(l,R(l,v))∂ui(z; l,v)
∂vk
, (A.10)
which is integrated from l = z to l = L using the initial condition
u(z; z,v) = R(z,v). (A.11)
In order to solve (A.10), we need to calculate the function R(l,v) for 0 ≤ l ≤ L in
advance. From the identity
∂R(L,v)
∂L
=
∂u(z;L,v)
∂z
∣∣∣∣
z=L
+
∂u(z;L,v)
∂L
∣∣∣∣
z=L
, (A.12)
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we get the invariant imbedding equation for R:
∂R(l,v)
∂l
= − hkjFj(l,R(l,v))∂R(l,v)
∂vk
+ F(l,R(l,v)), (A.13)
which is integrated from l = 0 to l = L using the initial condition
R(0,v) = (g + h)−1v. (A.14)
In a similar manner, we obtain the invariant imbedding equation for S:
∂S(l,v)
∂l
= −hkjFj(l,R(l,v))∂S(l,v)
∂vk
(A.15)
with the initial condition
S(0,v) = (g + h)−1v. (A.16)
This equation can be solved together with (A.13).
Next we specialize to the case where the function F(z,u) is linear in u such that
Fi(z,u(z)) = Aij(z)uj(z). (A.17)
Then the function u is linear in v:
u(z; l,v) = U(z; l)v, (A.18)
where U is an N × N matrix. Substituting this into (A.10), we obtain a differential
equation for the matrix function U :
∂
∂l
U(z; l) = −U(z; l)hA(l)R(l) (A.19)
supplemented by the initial condition
U(z; z) = R(z), (A.20)
where we have used the definition R(l,v) = R(l)v. The invariant imbedding equations
for the matrices R and S, which is defined by S(l,v) = S(l)v, are similarly obtained:
d
dl
R(l) = A(l)R(l)−R(l)hA(l)R(l),
d
dl
S(l) = − S(l)hA(l)R(l), (A.21)
together with the initial conditions
R(0) = S(0) = (g + h)−1. (A.22)
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